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1. Introduction
In this paper we investigate the Gauss map of a hypersurface in Euclidean n-sphere as an application of the theory of
Legendrian singularities. In [3] Izumiya showed a theorem on Legendrian dualities for pseudo-spheres in Minkowski space
which has been used as a fundamental tool for the study of the extrinsic differential geometry on submanifolds in these
pseudo-spheres from the view point of Singularity theory. We adopt the similar method to [3] for investigating the Gauss
map of a hypersurface in Euclidean n-sphere. The pair of the hypersurface and the Gauss map is a Legendrian immersion
from the source of the hypersurface to the contact manifold (, K ) in the product of the n-spheres which gives the well-
known spherical Legendrian duality. This means that the image of Gauss map G(U ) can be interpreted as the wavefront set
of the Legendrian immersion
L = (x,G) : U →  = {(v,w) ∈ Sn × Sn ∣∣ v · w = 0}
to the contact manifold .
In Section 2 we introduce the basic notion of the spherical Gauss map, the shape operator and the Gauss–Kronecker
curvature of a hypersurface in Euclidean n-sphere. We show in Section 3 that (, K ) is a contact manifold and L is a Leg-
endrian immersion, and the image of Gauss map G(U ) is interpreted as the wavefront set of the Legendrian immersion L.
In Sections 4 and 5, we introduce the family of height functions on a hypersurface in Euclidean n-sphere and show that the
height function is a generating family of the Legendrian immersion L. In Section 6, we apply the theory of Legendrian sin-
gularities and consider the geometric meaning of the singularities of the Gauss map by using the theory of contact between
E-mail address: nagait@amath.sci.hokudai.ac.jp.
1 This work is partly supported by the JSPS International Training Program (ITP).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.09.030
546 T. Nagai / Topology and its Applications 159 (2012) 545–554hypersurfaces and hypersphere due to Montaldi [5]. In Section 7 we study generic properties for n  6. We brieﬂy review
the results on surfaces in S3 of Miyawaki [6] in Section 8.
2. Basic notations
In this section we prepare basic notions on hypersurface in Euclidean sphere.
Let Sn = {V ∈ Rn+1 | V · V = 1} be an n-dimensional Euclidean sphere, where V · V is the canonical inner product. Given
a vector v ∈ Rn+1 \ {0} and a real number c, the hyperplane with normal v is given by
HP (v, c) = {w ∈ Rn+1 ∣∣ v · w = c}.
The hypersphere in Sn is given by
Sn−1(v, c) = Sn ∩ H(v, c) = {w ∈ Sn ∣∣ v · w = c}.
We say that Sn−1(v, c) is a great hypersphere if c = 0, a small hypersphere if c = 0. For any a(i) = (a0(i), . . . ,an(i)) ∈ Rn+1
(i = 1,2, . . . ,n), the wedge product a(1) ∧ a(2) ∧ · · · ∧ a(n) is deﬁned by
a(1) ∧ a(2) ∧ · · · ∧ a(n) = det
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
e(0) e(1) · · · e(n)
a0(1) a
1
(1) · · · an(1)
a0(2) a
1
(2) · · · an(2)
...
... · · · ...
a0(n) a
1
(n) · · · an(n)
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,
where {e(0), . . . , e(n+1)} is the canonical basis of Rn+1. We can easily show that
b · (a(1) ∧ a(2) ∧ · · · ∧ a(n)) = det(b,a(1), . . . ,a(n)),
so that a(1) ∧ a(2) ∧ · · · ∧ a(n) is orthogonal to any a(i) (i = 1,2, . . . ,n).
Let x : U → Sn be a regular hypersurface (i.e. an embedding), where U ⊂ Rn−1 is an open subset. We denote that
M = x(U ) and identify M and U through the embedding x. Since x(u) · x(u) = 1 for any u = (u1,u2, . . . ,un−1) ∈ U , we have
xui (u) · x(u) = 0 where xui (u) = ∂x∂ui (u).
For any point u ∈ U , we deﬁne the unit normal vector e(u) of M at x(u) by
e(u) = x(u) ∧ xu1(u) ∧ xu2(u) ∧ · · · ∧ xun(u)‖x(u) ∧ xu1(u) ∧ xu2(u) ∧ · · · ∧ xun(u)‖
.
Then we deﬁne a map G : U → Sn by G(u) = e(u) which is called the Gauss map on the hypersurface M = x(U ).
By deﬁnition, we have
e(u) · e(u) = 1, x(u) · e(u) = xui (u) · e(u) = 0 (∀u ∈ U ).
Since x is an embedding, {xu1 (u), . . . , xun−1(u)} is linearly independent for any u ∈ U . Therefore, we obtain a basis{
x(u), xu1(u), . . . , xun−1(u), e(u)
}
of T pRn+1, where p = x(u).
We investigate the extrinsic differential geometry of hypersurfaces in n-sphere by using the Gauss map G of M = x(U )
which plays similar roles to those of the Gauss map of a hypersurface in Euclidean space. Taking the derivatives of the
equalities e · e = 1 and x · e = 0, we have
d(e · e)(u) = 2de(u) · e(u) = 0,
d(x · e)(u) = dx(u) · e(u) + x(u) · de(u) = x(u) · de(u) = 0
for any u ∈ U . Then we have the following lemma:
Lemma 2.1. For any p = x(u0) ∈ M, the derivative dG(u0) is a linear transformation on the tangent space T pM.
We deﬁne the notion of curvatures as follows: We call the linear transformation Sp = −dG(u0) : T pM → T pM the shape
operator of M = x(U ) at p = x(u0). We denote the eigenvalues of Sp by κi(p) (i = 1, . . . ,n−1), which are called the principal
curvatures of M = x(U ) at p = x(u0).
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K (u0) = det Sp .
We say that a point u ∈ U or p = x(u) is an umbilic point if there exists κ(p) ∈ R such that Sp = κ(p) · 1T pM . If all points
on M are umbilic, we say that M = x(U ) is totally umbilic. The following properties are well-known results, so that we omit
the proof.
Lemma 2.2. Suppose that M = x(U ) is totally umbilic. Then κ(p) is constant κ . Under this condition, we have the following classiﬁ-
cation:
(1) If κ = 0, then M is a part of a great hypersphere.
(2) If κ = 0, then M is a part of a small hypersphere.
In the last part of this section, we prove the spherical Weingarten formula. We deﬁne the ﬁrst fundamental invariant by
gij(u) = xui · xu j and the second fundamental invariant by hij = xuiu j · e = −xui · eu j for any u ∈ U .
Proposition 2.3. Under the above notation, we have the following spherical Weingarten formula:
−Gui =
n−1∑
j=1
h ji xu j (i = 1, . . . ,n − 1),
where (h ji )i, j := (hij)i, j(gij)i, j and (gij) = (gij)−1 .
Proof. Since eui · e = eui · x = 0, there exist real numbers Γ ji such that
eui =
n−1∑
j=1
Γ
j
i xu j (u).
By deﬁnition, we have
−hik(u) = ei(u) · xk(u) =
n−1∑
j=1
Γ
j
i x j(u) · xk(u) =
n−1∑
j=1
Γ
j
i g jk(u).
It follows that
−h ji (u) =
n−1∑
k=1
(−hik)gkj =
n−1∑
k=1
(
n−1∑
l=1
Γ li g jl(u)
)
gkj =
n−1∑
l=1
Γ li δ jl = Γ ji .
Therefore we have Γ ji = −h ji (u). This completes the proof. 
As a corollary of the above proposition, we have an explicit expression for the spherical Gauss–Kronecker curvature by
the ﬁrst and second fundamental invariants.
Corollary 2.4. Under the same notation as in the above proposition, the spherical Gauss–Kronecker curvature is given by
Kp = det(hij(u))
det(gij(u))
.
Proof. By the spherical Weingarten formula, the representation matrix of the shape operator Sp with respect to the basis
{xu1 , . . . , xun−1} is (h ji )i, j = (hij)i, j(gij)i, j . It is follows from this fact that
Kp = det
(
h ji (u)
)= det(hij(u))× det(gij(u))−1 = det(hij(u))det(gij(u)) . 
We say that a point p = x(u) is a parabolic point of M = x(U ) if K (u) = 0.
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In this section we show that the pair (x,G) is a Legendrian immersion from U to a certain contact manifold and
the Gauss map G(U ) can be considered as a wave front. We now brieﬂy review some properties of contact manifolds
and Legendrian submanifolds. Let W be a 2n+ 1-dimensional smooth manifold and K be a tangent hyperplane ﬁeld on W .
Locally such a ﬁeld is deﬁned as the ﬁeld of zeros of a 1-form α. If tangent hyperplane ﬁeld K is non-degenerate, we say that
(W , K ) is a contact manifold. Here K is said to be non-degenerate if α ∧ (dα)n = 0 at any point of W . In this case K is called
a contact structure and α is a contact form. Let φ : W → W ′ be a diffeomorphism between contact manifolds (W , K ) and
(W ′, K ′). We say that φ is a contact diffeomorphism if dφ(K ) = K ′ . Two contact manifolds (W , K ) and (W ′, K ′) are contact
diffeomorphic if there exists a contact diffeomorphism φ : W → W ′ . A submanifold i : L ⊂ W of a contact manifold (W , K ) is
a Legendrian submanifold if dim L = n and dip(T p L) ⊂ Ki(p) at any point p ∈ L. We consider a smooth ﬁber bundle π : N → A.
The ﬁber bundle π : N → A is called a Legendrian ﬁbration if its total space W is furnished with a contact structure and
its ﬁbers are Legendrian submanifolds. Let π : N → A be a Legendrian ﬁbration. For a Legendrian submanifold i : L ⊂ N ,
a map π ◦ i : L → A is called a Legendrian map. The image of the Legendrian map π ◦ i is called a wavefront set of i which
is denoted by W (i). For any p ∈ W , it is known that there is a local coordinate system (xi, . . . , xn, p1, . . . , pn, z) around p
such that π(xi, . . . , xn, p1, . . . , pn, z) = (xi, . . . , xn, z) and the contact structure is given by the 1-form α = dz −∑ni=1 pidxi
(cf., [1], Part III).
We now consider the following double ﬁbrations of Sn:
 = {(v,w) ∈ Sn × Sn ∣∣ v · w = 0},
π1 :   (v,w) → v ∈ Sn, π2 :   (v,w) → w ∈ Sn,
θ1 = dv · w|, θ2 = v · dw|.
Here, dv · w =∑ni=0 widvi and v · dw =∑ni=0 vidwi . Since d(v · w) = dv · w + v · dw and v · w = 0 on , θ−11 (0) and
θ−12 (0) deﬁne the same tangent hyperplane ﬁeld over  which is denoted by K .
Theorem 3.1. Under the above notation, (, K ) is a contact manifold and both of πi are Legendrian ﬁbrations.
By deﬁnition,  is a smooth submanifold in Rn+1 × Rn+1 and each πi (i = 1,2) is a smooth ﬁbration. It is well known
that (, K ) is a contact manifold. Therefore, we omit the detailed proof. Moreover, by the deﬁnition of the contact form
θ1, θ2, all ﬁbers of π1 and π2 are Legendrian submanifolds in (, K ).
We now interpret the Gauss map of a hypersurface in Sn as a wave front set in the above contact manifold. For any reg-
ular hypersurface x : U → Sn , we have x · e = 0. Therefore we can deﬁne an embedding L : U →  by L(u) = (x(u), e(u)) =
(x(u),G(u)).
Proposition 3.2. The mapping L is a Legendrian embedding to the contact manifold (, K ).
Proof. Since x : U → Sn is an embedding, L is also an embedding and dim(L(U )) = n − 1. Since L∗θ1 = dx · e = 0, L is a
Legendrian embedding. This completes the proof. 
By deﬁnition, we have π2 ◦L(U ) = G(U ). Then we have the following corollary:
Corollary 3.3. For any hypersurface x : U → Sn, G(U ) is a wave front set of L with respect to the Legendrian ﬁbration π2 .
4. Spherical height functions
In this section we introduce a family of functions on a hypersurface in the sphere which is useful for the study of
singularities of the spherical Gauss map. Let x : U → Sn be a hypersurface. We deﬁne a family of functions
H : U × Sn → R
by H(u, V ) = x(u) · V . We call H is a height function on x : U → Sn .
Proposition 4.1. Let H : U × Sn → R be a height function on x : U → Sn. Then H(u, V ) = ∂H(u, V )/∂ui = 0 (for i = 1,2, . . . ,n−1)
if and only if V = ±G(u).
Proof. Since {x(u), xu1(u), . . . , xun−1(u), e(u)} is a basis of the vector space T pRn+1 where p = x(u), there exist real numbers
α,β1, . . . , βn−1, γ such that V = αx(u)+∑n−1j=1 β jxu j (u)+ γ e(u) where α2 +∑n−1j=1 β2j + γ 2 = 1. Therefore H(u, V ) = x(u) ·
V = 0 if and only if x(u) · V = α = 0. Since 0 = ∂H(u, V )/∂ui = xui (u) · V , we have
∑n−1
β j gi j = 0 (for i = 1,2, . . . ,n − 1),j=1
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i = 1,2, . . . ,n − 1). This completes the proof. 
The above proposition means that the image of Gauss map of hypersurface x : U → Sn coincides with the discriminant
set DH of the height function on M = x(U ) (cf., Appendix of Izumiya [3]). For a given V0 ∈ Sn , we deﬁne the height function
with the direction V0 by hV0(u) = H(u, V0) and we denote the Hessian matrix of the height function with the direction V0 at
u0 by Hess(hV0)(u).
Lemma 4.2. Let H : U × Sn → R be a height function on x : U → Sn and V0 = ±G(u0). Then p = x(u0) is a parabolic point if and
only if detHess(hV0)(u0) = 0.
Proof. By deﬁnition, we have
Hess(hV0)(u0) =
(
xuiu j (u0) · ±e(u0)
)= ±(hij(u0)).
By Corollary 2.5, we have
Kp = detHess(hV0(u0))
det(gij(u0))
.
The above assertion follows from this formula. 
Lemma 4.3. Let H : U × Sn → R be a height function on x : U → Sn and V0 = ±G(u0). Then p = x(u0) is an umbilic point with
κ(p) = 0 if and only if rankHess(hV0 )(u0) = 0, where κ(p) is the principal curvature.
Proof. By Proposition 4.1, V0 ∈ DH if and only if there exist u0 ∈ U such that V0 = ±G(u0). On the other hand, by the
Weingarten formula, p = x(u0) is an umbilic point if and only if there exists an orthogonal matrix A such that tA(h ji (u0))A =
κ(p)I . Therefore, we have (h ji ) = Aκ(p)I tA = κ(p)I , so that (hij(u0)) = κ(p)(gij(u0)). It follows that (hij(u0)) is the zero
matrix if and only if κ(p) = 0. Moreover, we have Hess(hV0)(u0) = ±(hij(u0)). This completes the proof. 
We say that p = x(u0) is a geodesic point (or, ﬂat umbilic point) if it is an umbilic point with κ(p) = 0.
5. Generating families of Legendrian immersions
In this section we show that the height function H : U × Sn → R is the generating family of L at least locally.
Let F : (Rk × Rn,0) → (R,0) be a function germ. We say that F is a Morse family of hypersurfaces if the mapping
∗F =
(
F ,
∂ F
∂q1
, . . . ,
∂ F
∂qk
)
: (Rk × Rn,0)→ (R × Rk,0)
is non-singular, where (x,q) = (q1, . . . ,qk, x1, . . . , xn) ∈ (Rk × Rn,0). In this case we have a smooth (n − 1)-dimensional
submanifold,
Σ∗(F ) =
{
(q, x) ∈ (Rk × Rn,0) ∣∣ F (q, x) = Fq1(q, x) = · · · = Fqk (q, x) = 0}
and a map germ LF : (Σ∗(F ),0) → P T ∗Rn deﬁned by LF (q, x) = (x, [Fx1 (q, x) : · · · : Fxn (q, x)]) is a Legendrian immersion
germ. Then we have the following fundamental theorem of Arnol’d and Zakalyukin [1]:
Theorem 5.1. All Legendrian submanifold germs in P T ∗Rn are constructed by the above method.
We call F a generating family of LF (Σ∗(F )). We apply this method to the height function H : U × Sn → R on hypersurface
x : U → Sn . By Proposition 4.1, we have
Σ∗(H) =
{
(u, V ) ∈ U × Sn ∣∣ V = ±e(u)}.
Moreover, we can show that
LH
(
u, e(u)
)= (e(u), [x0(u)e1(u) − x1(u)e0(u) : · · · : x0(u)en−1(u) − xn−1(u)e0(u)]).
We can also show that the following proposition:
Proposition 5.2. The height function H : U × Sn → R is a Morse family of hypersurfaces at any point (u, V ).
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v0 > 0} ⊂ Sn . Then we have
v0 =
√
1− v21 − · · · − v2n
on U+0 and the height function H is represented by
H(u, V ) = x0(u)
√
1− v21 − · · · − v2n+1 + x1(u)v1 + · · · + xn+1(u)vn+1
where x(u) = (x0(u), x1(u), . . . , xn(u)). We have to prove that the mapping
∗H = (H, Hu1 , . . . , Hun−1)
is non-singular at any point of Σ∗(H). We adopt the coordinate neighborhood (U+0 , (v1, . . . , vn)) of Sn . By deﬁnition, we
have
∂H
∂ui
(u, V ) = xui (u) · V ,
∂H
∂vi
(u) = −x0(u) vi
v0
+ xi(u),
∂2H
∂ui∂u j
(u, V ) = xui u j (u) · V ,
∂2H
∂vi∂u j
(u) = −x0u j (u)
vi
v0
+ xiu j (u).
Therefore the Jacobian matrix of ∗H is given as follows:
⎛
⎜⎜⎜⎜⎝
xu1 · V · · · xun−1 · V −x0 v1v0 + x1 · · · −x0 vnv0 + xn
xu1 u1 · V · · · xu1 un−1 · V −x0u1 v1v0 + x1u1 · · · −x0u1 vnv0 + xnu1
...
...
...
...
...
...
xun−1 u1 · V · · · xun−1 un−1 · V −x0un−1 v1v0 + x1un−1 · · · −x0un−1 vnv0 + xnun−1
⎞
⎟⎟⎟⎟⎠ .
We now show that the determinant of the matrix
A =
⎛
⎜⎜⎜⎜⎝
−x0 v1v0 + x1 · · · −x0 vnv0 + xn−x0u1 v1v0 + x1u1 · · · −x0u1 vnv0 + xnu1
...
...
...
−x0un−1 v1v0 + x1un−1 · · · −x0un−1 vnv0 + xnun−1
⎞
⎟⎟⎟⎟⎠
dose not vanish at (u, V ) ∈ Σ∗(H). In this case, V = ±e and we denote
a =
⎛
⎜⎜⎜⎝
x0
x0u1
...
x0un−1
⎞
⎟⎟⎟⎠ , b1 =
⎛
⎜⎜⎜⎝
x1
x1u1
...
x1un−1
⎞
⎟⎟⎟⎠ , . . . , bn =
⎛
⎜⎜⎜⎝
xn
xnu1
...
xnun−1
⎞
⎟⎟⎟⎠ .
Then we have
det A = det
(
−a v1
v0
+ b1, . . . ,a vn
v0
+ bn
)
= det
(
−a v1
v0
, . . . ,a
vn
v0
+ bn
)
+ det
(
b1, . . . ,a
vn
v0
+ bn
)
...
= v0
v0
det(b1 . . . bn) − v1
v0
det(ab2 . . .bn) − · · · − vn
v0
det(b1 . . .bn−1a).
On the other hand, by calculation we have
x∧ xu1 ∧ · · · ∧ xun−1 =
n∑
(−1)i det(ab1 . . . bˆi . . .bn).
i=0
T. Nagai / Topology and its Applications 159 (2012) 545–554 551Therefore we have
det A =
(
v0
v0
, . . . ,
vn
v0
)
· (x∧ xu1 ∧ · · · ∧ xun−1)
= 1
v0
e · e‖x∧ xu1 ∧ · · · ∧ xun−1‖
= 1
v0
‖x∧ xu1 ∧ · · · ∧ xun−1‖
= 0.
For the other local coordinates, we have the similar result to the above calculation. Therefore ∗H = (H, Hu1 , . . . , Hun−1) is
non-singular on Σ∗(H). 
We now show that H is a generating family of L ∈ .
Theorem 5.3. For any hypersurface x : U → Sn, the height function H : U × Sn → R of x is a generating family of the Legendrian
immersion L.
Proof. Let π : P T ∗Sn → Sn is a projective cotangent bundle of Sn . The canonical contact form of P T ∗Sn is given as fol-
lows: We consider the same local coordinate (U+0 , (v1, . . . , vn)) of Sn as in the proof of Proposition 5.3. The corresponding
homogeneous coordinate of P T ∗Sn by (v1, . . . , vn, [ζ1 : · · · : ζn]). Then the canonical contact form of P T ∗Sn is given by
α = dv i +
∑
j =i
ζ j
ζi
dv j
with the aﬃne coordinate on {ζi = 0}. Here we deﬁne a map Φ from |(U+0 × Sn) to the projective cotangent bundle on
P T ∗Sn by
Φ(v,w) = (w, [v0w1 − v1w0 : · · · : v0wn − vnw0]).
The pull-back of the canonical contact form by Φ is
Φ∗α = dw1 +
n∑
i=2
v0wi − viw0
v0w1 − v1w0 dwi,
(v0w1 − v1w0)Φ∗α =
n∑
i=1
(v0wi − viw0)dwi
=
n∑
i=1
viw0dwi +
n∑
i=1
v0widwi
= w0
(
n∑
i=1
vidwi + v0
n∑
i=1
wi
w0
dwi
)
= w0
(
n∑
i=1
vidwi + v0dw0
)
= w0θ1.
Thus, Φ is a contact morphism.
Since the height function H : U × Sn → R is a Morse family of hypersurfaces, we have a Legendrian immersion LH :
Σ∗(H) → P T ∗Sn deﬁned by
LH
(
u, e(u)
)= (e(u), [x0(u)e1(u) − x1(u)e0(u) : · · · : x0(u)en−1(u) − xn−1(u)e0(u)]).
Therefore we have Φ ◦L(u) = LH (u, e(u)). This means that H is a generating family of L(U ) ∈  through Φ . 
We call L the Legendrian lift of the Gauss map G.
In the end of this section, we review the following result on the theory of Legendrian singularities. By the uniqueness re-
sult of the K-versal deformation of a function germ, Proposition A.2 and Theorem A.3 in Izumiya [3], we have the following
classiﬁcation result of Legendrian stable germs.
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conditions are equivalent:
1. (W (LF ),0) and (W (LG ,0)) are diffeomorphic as set germs;
2. LF and LG are Legendrian equivalent;
3. F and G are P–K-equivalent;
4. f = F |Rk × {0} and g = G|Rk × {0} are K-equivalent.
6. Contact with great hyperspheres and generic property in low-dimension
In this section we consider the geometric meaning of singularities of the Gauss map G from the contact view point, and
consider generic properties of hypersurface in Sn and show that the assumption of the theorem of this section is generic
in the case of when 6 n. Montaldi [5] interpreted the contact of submanifolds in terms of the singularity theory of map
germs. Here we quickly review the theory and apply to our case. Let Xi and Yi (i = 1,2), be submanifolds of Rn with
dim X1 = dim X2, dim Y1 = dim Y2. We say that the contact of X1 and Y1 at y1 is the same type as the contact of X2 and
Y2 at y2 if there is a diffeomorphic germ Φ : (Rn, y1) → (Rn, y2) such that Φ(X1, y1) = (X2, y2) and Φ(Y1, y1) = (Y2, y2).
In this case we write K (X1, Y1; y1) = K (X2, Y2; y2). In the deﬁnition, Rn can be replaced to any manifold. In his paper [5]
Montaldi gives a characterization of the notion of contact by using a notion of the singularity theory.
Theorem 6.1 (Montaldi). Let Xi and Yi (i = 1,2) be submanifolds ofRn with dim X1 = dim X2 , dim Y1 = dim Y2 . Let f i : (Rn, yi) →
(Rp,0) be submersion germs with ( f −1i (0), yi) = (Yi, yi) and gi : (Xi, xi) → (Rn, yi) immersion germs. Then K (X1, Y1; y1) =
K (X2, Y2; y2) if and only if f1 ◦ g1 and f2 ◦ g2 are K-equivalent. For the deﬁnition of the K-equivalence, see Izumiya [3].
For a given vector V ∈ Sn , we deﬁne a function hV : Sn → R by hV (W ) = W · V . By deﬁnition, we have h−1V (c) =
Sn−1(V , c). For any u0 ∈ U and V0 = ±G(u0), we have
hV0 ◦ x(u0) = H
(
u0,±G(u0)
)= 0,
∂hV0 ◦ x
∂ui
(u0) = ∂H
∂ui
(
u0,±G(u0)
)= 0 (i = 1, . . . ,n).
This means that the great hypersphere h−1V0 (0) = Sn−1(V0,0) is tangent to the hypersurface x : U → S n at p = x(u0). In this
case we call Sn−1(V0,0) tangent great hypersphere of M = x(U ) at p = x(u0). In Euclidean space, if images of the Gauss map
of a hypersurface at two point u1,u2 ∈ U are the same, then tangent hyperplanes at these points are parallel. However the
situation in Sn is different from the Euclidean case as the following lemma shows:
Lemma 6.2. Let x : U → Sn be a hypersurface and u1,u2 are two points in U . Then G(u1) = ±G(u2) if and only if Sn−1(V1,0) =
Sn−1(V2,0), where V i = G(ui).
We now have tools for the study of the contact between hypersurfaces and great hyperspheres. Let Gi : (U ,ui) →
(Sn, ei(ui)) (i = 1,2) be Gauss map germs of hypersurface germs xi : (U ,ui) → (Sn, xi(ui)) and Li = (xi, ei) : (U ,ui) →  be
corresponding Legendrian immersion germs. By Zakalyukin [8], if the regular set of Gi = π2 ◦Li is dense in (U ,ui) for both
i = 1,2, then (G1(U ), e(u1)) and (G2(U ), e(u2)) are diffeomorphic as set germs if and only if L1 and L2 are Legendrian
equivalent. Arnol’d [1] and Zakalyukin [7], this condition is also equivalent to the condition that two generating families H1
and H2 are P–K-equivalent. Here, Hi : (U × Sn, (ui, e(ui))) → R is the height function germ of xi .
On the other hand, we denote hi(u) = Hi(u, e(ui)), then we have hi(u) = he(ui) ◦ xi(u). By Theorem 6.1,
K
(
x1(U ), S
n−1(e(u1),0); x1(u1))= K (x2(U ), Sn−1(e(u2),0); x2(u2))
if and only if h1 and h2 are K-equivalent. Therefore, we can apply the arguments in the appendix to our situation.
Theorem 6.3. Let xi : (U ,ui) → (Sn, xi(ui)) (i = 1,2) be hypersurface germs such that the corresponding Legendrian immersion
germs Li = (xi, ei) : (U ,ui) → (, (xi(ui), ei(ui))) are Legendrian stable. Then the following conditions are equivalent:
1. (G1(U ), e(u1)) and (G2(U ), e(u2)) are diffeomorphic as set germs;
2. L1 and L2 are Legendrian equivalent;
3. H1 and H2 are P–K-equivalent;
4. h1 and h2 are K-equivalent;
5. K (x1(U ), Sn−1(e(u1),0); x1(u1)) = K (x2(U ), Sn−1(e(u2),0); x2(u2)).
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Proof. We remark that (Gi(U ), e(ui)) = (W (Li), e(ui)). Since both of Li are Legendrian stable, these satisfy the assumption
of Proposition 5.4, then the condition 1, the condition 2 and the condition 3 are equivalent. It also follows from the theory
of Arnol’d and Zakalyukin [1,7] that Hi is K-versal deformation of hi . By the uniqueness result of the K-versal deformation
of a function germ, the conditions 3 and 4 are equivalent. Finally, by the previous argument (mainly from Theorem 6.1), we
have the equivalence between the conditions 4 and 5. 
We remark that the above theorem gives an interpretation of the geometric meaning of the image of the Gauss map.
Moreover we can show that the assumption of Theorem 6.3 is generic in the case of when 6 n by using a transversality
theorem by Wassermann [6] (the arguments are the same as those of Section 6 in Izumiya, Pei and Takahashi [2], so that
we omit it).
Proposition 6.4. Suppose that n  6. Then there exists an open dense subset O ⊂ Emb(U , Sn) such that for any x ∈ O, the germ of
the Legendrian lift L of the Gauss map at each point is Legendrian stable.
7. Surfaces in 3-sphere
In the case when n = 3, Miyawaki [4] investigated a surface x : U → S3 as an application of the singularity theory.
However it is written in Japanese, so that we brieﬂy review his results in this section. In this case we call S2(V ,0) a great
sphere. By the classiﬁcation of function germs (cf., [1]), we have the following theorem:
Proposition 7.1. ([4, Proposition 4.3]) Let x : U → S3 be a surface. If the germ of the height function on the surface at a point (u0, V0) ∈
U × S3 is K-versal deformation of hV0(u) = H(u, V0), then the image of the Gauss map germ G : (U ,u0) → S3 is diffeomorphic to
one of the following germs: the plane, the cuspidal edge or the swallowtail.
Here, the cuspidal edge is a set germ parametrized by (u1,u22,u
3
2) and the swallowtail is parametrized by (3u
4
1 + u21u2,
4u31 + 2u1u2,u2) (cf., Fig. 1).
Since n = 3 6, the assumption of the above proposition is generic by Proposition 7.2.
Theorem 7.2. ([4, Theorem 5.4]) Let x : U → S3 be a surface. We assume that the germ of height function at the point (u0, V0) is
K-versal deformation of hV0 and the image of the Gauss map is diffeomorphic to the cuspidal edge. Then we have the following:
1. The parabolic set K−1(0) is a regular curve. Moreover, if K = κ1κ2 = 0 and κ1 = 0, then the principal direction corresponding to
κ1 = 0 is transverse to K−1(0).
2. The intersection of the surface x and tangent great sphere at x(u0, V0) is locally diffeomorphic to the ordinary cusp {(u1,u2) |
u31 ± u22 = 0}.
Theorem 7.3. ([4, Theorem 5.5]) Let x : U → S3 be a surface. We assume that the germ of height function at the point (u0, V0) is
K-versal deformation of hV0 and the image of the Gauss map is diffeomorphic to the swallowtail. Then we have the following:
1. The parabolic set K−1(0) is a regular curve. Moreover, if K = κ1κ2 = 0 and κ1 = 0, then the principal direction corresponding to
κ1 = 0 is transverse to K−1(0) expect at (u0, V0) and it is tangent to K−1(0) at (u0, V0).
2. The intersection of the surface x and tangent great sphere at x(u0, V0) is locally diffeomorphic to the tachnodal {(u1,u2) |
u41 − u22 = 0}.
3. For any  ∈ R, there exist two different points u,u′ ∈ U such that |u0 − u| <  , |u0 − u′| <  , neither of u nor u′ is a parabolic
point, and the tangent great sphere of M = x(U ) at u and u′ are the same.
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